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As first realized by Witten an SU(2) gauge theory coupled to a single Weyl fermion suffers from a global 
anomaly. This problem is addressed here in the context of the recent developments on chiral gauge theories on 
the lattice. We find Witten's anomaly manifests in the impossibility of defining globally a fermion measure that 
reproduces the proper continuum limit. Moreover, following Witten's original argument, we check numerically 
the crossing of the lowest eigenvalues of Neuberger's operator along a path connecting two gauge fields that differ 
by a topologically non-trivial gauge transformation. 



Introduction 

In Witten pointed out the mathematical in- 
consistency of an SU(2) gauge theory coupled to 
only an odd number of Weyl fcrmions. 

The inconsistency arises when one considers 
the behaviour of the effective action under 
topologically non-trivial gauge transformations 
(iT4[SU(2)] = Z2), i.e. those that cannot be con- 
tinuously deformed to the identity mapping. 

Let g be one of those non-trivial mappings. The 
gauge fields and its gauge transformed 



(1) 



are not connected by some smooth gauge trans- 
formations. However, they are connected in the 
space of all gauge fields since it is a vector space. 
Thus 



A*=(l-t)A fl +tA% t€[0,l] 



(2) 



is a well defined potential which interpolates be- 
tween A^ and A%. Witten showed that along this 
trajectory an odd number of eigenvalues of the 
square root of the Dirac operator crosses zero, 
leading to a switch of sign in the fermionic deter- 
minant HI . The theory is thus ill-defined because 
the fermion determinant cannot be defined in a 
gauge invariant and smooth way. 

Afterwards, the Witten anomaly has been es- 
tablished by other arguments. In particular, the 
change in the phase of the effective action under 
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SU(2) gauge transformations can be calculated 
using the so-called embedding technique Here 
one uses the fact that SU (2) can be embedded in 
another group with a trivial 7T4, say SU(3). The 
gauge fields A^ and A 9 ^ are then connected by 
some smooth family fl of gauge transformations 
in SU(3). In this context the change in the phase 
of the effective action is given by || 
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leading to the switch of sign in the fermionic de- 
terminant. 

During the last years encouraging progress has 
been made to formulate chiral gauge theories on 
the lattice as has been summarised in Q. Any 
proper lattice formulation of an SU(2) theory 
coupled to one doublet of chiral fcrmions should 
exhibit the Witten anomaly. This has been stu- 
died in the context of the overlap formalism ||. 
Our purpose is showing how global anomalies 
arise in the recently developed action formalism 



Weyl fermions on the lattice 

Exact chiral symmetry [|| can be achieved on 
the lattice provided the Wilson-Dirac operator D 
fulfils the Ginsparg- Wilson relation |J . 

Having exact chiral symmetry allows us to split 
the fermion fields in left- and right-handed, inde- 
pendently transforming components [|[|n]{nj • In 
particular, we can restrict ourselves to the left- 
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handed fields imposing the constraints 



1> 



(4) 
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One of the new features of the present approach 



is that P_ 



(1 — 75(1 — a D)) depends on the 



gauge field. Let us discuss some of its geometrical 
implications. 

Consider a path in configuration space Ut(x, fj,), 
where t £ [0, 1] is the path parameter. We define 
an unitary operator Q t through the differential 
equation 



d t Qt = [d t P u P t ]Q t 
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where P t = P\u=u t ■ The operator Q t is such that 
PtQt = Qt-Po- I n this way Q t is the transporter 
of Pt along the path. 

One key point here is that if the path is a closed 
loop, the operator Q\ is not necessarily the iden- 
tity map. Indeed, Q\ ^ 1 is an indication of a 
non-trivial bundle structure of the gauge field. As 
a measure for this let us define the quantity 



r = dct[i-p + p Qi] , 



(7) 



for all closed loops. Using the unitarity of Qt one 
easily proves that T is a phase. In particular, for 
gauge fields in SU(2), using charge conjugation 
symmetry and the reality properties of the SU (2) 
representations we have T = dbl. 

Finally we remark that the composition law 



7[r l0 r2] = Iri Tr 2 



(8) 



holds for two closed loops that have the same 
starting point. 

Fermionic Measures 

The action of the classical gauge theory coupled 
to a single Weyl fermion reads 



Sf,l =a i J2i>(x)lP+DP-ip](x) . 



(9) 



In order to set up the quantum theory we have 
to define a measure for the fields in the path in- 
tegral. Here the difficulty arises due to the gauge 
field dependence of the constraint In fact, 

an infinitesimal deformation r]^(x) of the gauge 



field U(x,fi), induces a change in the phase of the 
fermionic measure given by the so-called measure 
term iffll 



(10) 



where c is the colour index and {uj} is a basis of 
left-handed fields at U(x,fi). 

We are then left with a gauge dependent phase 
ambiguity which has to be fixed in order to 
achieve the gauge invariance and the locality of 
the effective action. In |^^] the problem is solved 
by choosing a current j^{x), local and gauge in- 
variant function of the gauge fields, and such that 
an integrability condition is fulfilled. This condi- 
tion is formulated in terms of the Wilson line 



W = exp 



dtZ, 



(11) 



where ar] )Jl (x) = dtU(x, fi)U(x, /i)^ 1 . W mea- 
sures the total change of phase along a given path 
U t (x, /i) in the set of gauge fields. 

The integrability condition states that for all 
closed loops in configuration space the Wilson line 
must satisfy 



W = T 



(12) 



Let us discuss the meaning of this condition. A 
local and gauge invariant current defines W only 
locally. In ([l2]) it is pointed out that the cur- 
rent must take into account the global geometry 
of the bundle underlying the gauge field. Global 
anomalies arise when (12) is not satisfied. 

In the classical continuum limit, requiring a lo- 
cal and gauge invariant effective action implies 



j fi (x) = + O(a) 



(13) 



Therefore W = 1 + 0(a) in this limit and the 
integrability condition can only be satisfied if 
T = 1 for all closed loops. 

In the next section we will show that in the 
SU(2) theory with a single Weyl fermion there 
are closed loops in configuration space on which 
T = — 1. Therefore the anomaly arises because 
the proper classical continuum limit cannot be 
reproduced. 
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SU(2) Global Anomaly 

Let g be a non-trivial SU(2) gauge transforma- 
tion, and consider its lattice version acting on the 
classical vacuum, U(x,fi) = 11. 

There are three different paths in configuration 
space connecting the classical vacuum with its 
gauge transformed, g(x)g(x + a/i) -1 : 

• Fx = [g{x) t g{x + a//) - '] pure gauge SU{2) 

• T 2 = [Sl(t,x)Q(t,x + a//) -1 ] pure gauge 
517(3) 

• T 3 = (g{x)g(x + aiJ,)- 1 y 

Ti has no continuum limit. r 2 is the lattice ana- 
logue of the SU(3) pure gauge path defined in the 
introduction and T 3 is a lattice version of Wit- 
ten's path (||). 

Our aim is computing T on the closed loop 
[r 3 o — Ti]. Using the composition law (g) we 
split T in the following way 

7[r 3 o-ri] = 7[r 3 o-r 2 ] ^[rao-ri] ■ (14) 
Along pure gauge loops we have, 

T = exp|-ij^ dtJ2u?(.x)A a (x)\j , (15) 

where ^4 a (x)is the anomaly on the lattice. 

For the vacuum configuration the anomaly van- 
ishes because it is invariant under translations but 
also odd under parity, A a (— x) = —A a (x). That 
means 7[r 2 o-ri] = 1- This argument holds for 
the vacuum in SU(N). However, in SU(2) the 
anomaly is identically zero in any configuration. 

We are then left with the calculation of T for 
the loop [r 3 o — r 2 ]. To deal with it we convert 
the line integral into a surface integral. On this 
surface the vector potential depends on two pa- 
rameters (t, s). It can be shown |l2| that 

d s In T = f dt TrP_ [d s P- , d t P-} . (16) 
Jo 

The r.h.s. of equation ( |l6| ) can be expanded in 
powers of the lattice spacing a and to leading or- 
der one finds 

d s lnT = -ic 2 ^ dt J d^d^e^n^lF^in) 



Here we take over the notation of 0. The de- 
formations rj and £ corresponds to the t and s 
directions respectively. In ( |l7| ) we substitute our 
parameterisation of the vector potential on the 
surface. Integrating over s we finally end up with 
the integral (|J) and find 7[r 3 o-r 2 ] = — 1- Alto- 
gether we get 7[r 30 _ ri ] = — 1. 

We want to point out that our proof is not re- 
stricted to have the classical vacuum as starting 
configuration (although it would be sufficient for 
the theory to be inconsistent). Since T is a homo- 
topy invariant, smooth deformations of the loop 
cannot change its value. 

Witten Anomaly 

Next we want to show that the global anomaly 
we discovered in the previous section can be 
brought into a form that its equivalence to Wit- 
ten's anomaly [jjj is transparent. It will turn out 
that if we restrict ourselves to a real fermion de- 
terminant, T = — 1 implies a change of sign along 
the loop [r 3 o -Ti]. 

To start with consider the function 

/(*) = dct (1-P+ + P + D f QtDl), (18) 

that is a smooth function of t for smooth paths. 
In addition it is real if the gauge group is SU(2). 
For closed loops that function satisfies 

/(0)>0, /(l)=T/(0), (19) 

if D has no zero mode at the starting point. This 
implies that / passes through zero an odd number 
of times for < t < 1 if and only if T = — 1 . 
Next one can show 

f(t) = det Adet/jJ. (20) 

If = 75D75, the eigenvalues of D come in 
complex conjugate pairs, i.e. 

detD = . (21) 

According to ( |2C| ) a passing through zero of f(t) 
at to implies a passing through zero of an odd 
number of eigenvalues Aj(i). One can prove this 
by expanding both / and Xi around to . Hence we 
have found that for any given loop in field space, 
starting at a point where D has no zero modes, 
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an odd number of pairs of eigenvalues of D cross 
zero if and only if T = — 1 . 

Hence we find the same behaviour of the eigen- 
values that Witten proved in U using the Atiyah- 
Singer index theorem and that he used to con- 
clude a change of sign of the fermion determi- 
nant. We can find the same here. In general, the 
fermion determinant is given by |7) 

det M t det Af f = f(t) W' 1 . (22) 

If we define e 1 we end up with a real fermion 
determinant all along the path. According to the 
properties of /, we find that det Mi det Mq is neg- 
ative. Therefore det M t changes sign along a loop 
with T = — 1. 

Note however, that a change of sign is closely 
connected to the definition of a real fermion de- 
terminant. If we allow for complex values too and 
define a current such that W equals —1 at the 
end of the loop, the fermion determinant is single 
valued. In that case the anomaly shows up in the 
disguise of a conflict with the correct continuum 
limit of j M (U) and W. 

Spectral flow of Neuberger's operator 

In the last section we have seen that T = — 1 
implies that an odd number of pairs of eigenvalues 
of D cross zero. On a finite lattice it is possible to 
confirm this crossing by a numerical computation 
of the spectral flow of an appropriate lattice Dirac 
operator, as we will see now. 

Neuberger's operator fll3| is an example for a 
Dirac operator that satisfies the Ginsparg- Wilson 
relation. It is explicitly given by 

aD = l-i(AU)- 1 / 2 , (23) 
A = 1 - aD w . (24) 

D w denotes the usual Wilson-Dirac operator. 
The eigenvalues Xj of aD lie on a unit circle 
around 1 in the complex plane. They can be pa- 
rameterised by an angle 9 according to 

A, = l-e M *. (25) 

Furthermore the eigenvalues come in complex 
conjugate pairs Xj, X* due to = 75-D75. 

We are interested in the spectral flow of Neu- 
berger's operator along the loop Y = [T3 o —Y{\. 



According to the last section we expect an odd 
number of eigenvalues that cross zero and go over 
into its complex conjugate value. 

Along Ti the eigenvalues are constant as a func- 
tion of t because it is a path of gauge transforma- 
tions. The non-trivial part is along Y3 where we 
numerically computed the eigenvalues. This has 
been done in two steps. First of all we computed 
the low lying eigenvalues of the hermitian opera- 
tor aD^aD. 

They are given by the squared magnitude |A.,-| 2 
of the eigenvalues ( p5| ) . In a second step we calcu- 
lated the imaginary part of Ao, i.e. the eigenvalue 
with the smallest imaginary part at the beginning 
of the path. This is sufficient for our purpose. 
Before discussing the results let us make some re- 
marks concerning the numerical computation it- 
self. 

We used a power series expansion into Cheby- 
shev polynomials for the inverse square root of 
A^A in (^3|). The Conjugate Gradient algorithm 
Jl4|,|l5| has been employed for the computation of 
the eigenvalues. In that way both the truncation 
and the numerical error are theoretically well un- 
der control. 

For numerical reasons the path we used differs 
slightly from Y3. We did not start at the classi- 
cal vacuum configuration but at a constant gauge 
field instead. This results in a gap of the spec- 
trum at t = and t = 1 and is advantageous in 
the numerical computation. 

Figure [j] shows the first six lowest lying eigen- 
values of aD^aD as a function of the path param- 
eter t. The obvious symmetry of the spectrum is 
due to our path parameterisation and the symme- 
try properties of the particular g(x) we used. The 
magnitude of all but one eigenvalue is unequal to 
zero for the whole path. Only the lowest eigen- 
value becomes zero for t = 0.5. Hence only the 
imaginary part of Ao may cross zero and changes 
sign. To see if it really changes sign we calculated 
directly the imaginary part of Xq. The result is 
shown in fig. || and indeed we find a crossing. 
Hence only one pair of eigenvalues crosses zero 
and we numerically confirmed a spectral flow that 
we have expected. 

The change of sign of the fermion determinant 
can now be shown very explicitly. In terms of the 
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Figure 1. The lowest six eigenvalues of aD^aD on a 
8 4 lattice. The total error is smaller than the size of 
the data points. 



Figure 2. The imaginary part of Ao. The error bars 
incorporate both truncation and numerical error. 



angles 9j the fermion determinant reads as 
9 (t) 

detA/f = Jj2sin^-. (26) 

j 

Here we fixed the phase of the fermion deter- 
minant such that det M t is real. However, we 
still have a sign ambiguity. Suppose we want to 
fix the sign but also insist on a smooth gauge 
field dependence of det M t . This implies that the 
sign at t — fixes the sign along the whole path 
r. In terms of the angle 9j our numerical result 
runs as follows: Only the angle 9 crosses zero 
and changes sign. A glance at (^) immediately 
tells us that the fermion determinant changes sign 
along the closed path T and is not a single valued 
function. 

Conclusions 

Let us give a brief summary of our result. We 
have shown that there are closed loops in configu- 
ration space on which the phase T = — 1. In a fi- 
nite lattice it would be possible to define a current 



jfi(x) such that the associated measure produces 
a Wilson line W = — 1. However, the conflict 
arises because the proper behaviour in the clas- 
sical continuum limit cannot be reproduced: Go- 
ing to large physical lattices (small lattice spac- 
ing) and insisting in W = —1, implies giving up 
the locality or the gauge invariance of the theory. 
Our argument is completely analytical, in partic- 
ular the behaviour close to the continuum limit is 
under control. 

We have also checked numerically the original 
argument given by Witten. We find that along 
a path connecting two gauge fields that differ 
by a topologically non-trivial gauge transforma- 
tion, the lowest eigenvalue of Neuberger's opera- 
tor crosses zero. Subsequently there exist closed 
loops in configuration space where the fermion 
determinant changes sign. 

On the lattice all gauge transformations can be 
deformed to the identity mapping. As we have 
seen it does not mean that global anomalies are 
not present in the lattice formulation, but they 
rather arise in a different way. 
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